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Abstract 

In the paper ^ we have shown, in the context of type II superstring theory, the clas- 
sification of the allowed B-field and A-field configurations in the presence of anomaly-free 
D-branes, the mathematical framework being provided by the geometry of gerbes. Here we 
complete the discussion considering in detail the case of a stack of D-branes, carrying a non- 
abelian gauge theory, which was just sketched in [3]. In this case we have to mix the geometry 
of abelian gerbes, describing the B-field, with the one of higher-rank bundles, ordinary or 
twisted. We describe in detail the various cases that arise according to such a classification, 
as we did for a single D-brane, showing under which hypotheses the A-field turns out to be 
a connection on a canonical gauge bundle. We also generalize to the non-abelian setting the 
discussion about "gauge bundles with non integral Chern classes" , relating them to twisted 
bundles with connection. Finally, we analyze the geometrical nature of the Wilson loop for 
each kind of gauge theory on a D-brane or stack of D-branes. 
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1 Introduction 

In order to describe a type 11 superstring background with a non-trivial B-field, a suitable 
mathematical tool is the geometry of gerbes with connection. There are many different 
approaches to this topic, but the most natural one in physics consists of using the Cech- 
Deligne hypercohomology of sheaves. The hypercohomology group of degree 1 describes 
abelian gauge theories, where the local potentials are 1-forms and the field strength is 
a gauge-invariant 2- form F^^,, while the group of degree 2 describes the possible S-field 
configurations, where the local potentials are 2-forms B^^^, and the field strength is a gauge- 
invariant 3-form iY^i/pIll When D-branes are present, the B-field and the A- field are not 
independent one from each other in general, but there is an interaction between them, which 
is needed in order for the world-sheet path-integral to be well-defined: this kind of interaction 

^ Similarly, the hypercohomology group of degree p describes the configurations of the Ramond-Ramond 
field whose local potentials are the p-forms C^i...^^ and whose field strength is the gauge-invariant (p+l)-form 
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is not possible for every D-brane world- volume, and the obstruction for it to exist is the 
Freed- Witten anomaly [6J. Therefore, a joint classification of the allowed A- field a 5- field 
configurations is needed, and it can be reached via a certain hypercohomology group, or via 
a coset of it within a bigger group, as we discussed in [3]. From this picture it follows that, 
while the -B-field is always a connection on a gerbe, the A-field is not always a connection on 
an ordinary U{1) gauge bundle on the D-brane, even if this is the most common situation. 
In fact, there are different possibilities arising from this classification scheme, and only under 
suitable hypotheses we recover an abelian gauge theory in the usual sense. Actually, even in 
this case it is possible that there exists a residual gauge freedom, depending on the topology 
of the background. 

When we deal with a stack of D-branes, usually carrying a U{n) gauge theory, the 
previous classification scheme needs to be generalized. Something new must appear, since 
even the formulation of the Freed- Witten anomaly changes [TT], because of the presence of a 
torsion cohomology class which is always vanishing in the abelian case. The idea leading to 
the classification is the same, but we need to deal with the degree 1 non-abelian cohomology 
[5], describing U{n) bundles, and the degree 1 hypercohomology, describing U{n) bundles 
with connection; contrary to the abelian case, we do not obtain a group but a pointed 
set, the marked point being the trivial bundle for cohomology and the trivial bundle with 
trivial connection for hypercohomology. The 5-field, instead, remains abelian as always. 
Therefore, when the A-field and the i?-field interact in order to make the world-sheet path- 
integral well-defined, we must take into account this difference in their geometrical nature, 
especially when the A-field is not an ordinary connection. The main consequence of this 
new picture is that, while in the abelian case the A-field acts only as a gauge transformation 
of the 5-field, without changing its geometry, in the non-abelian case it is possible that its 
presence carries a non-trivial geometry even with respect to the degree 2 hypercohomology 
(which classifies the 5- field). Therefore, instead of acting as a gauge transformation, it acts 
as a tensor product by a gerbe which is non-trivial in general, and this is the origin of the 
new term in the Freed- Witten anomaly. We thus need to give a careful description of this 
different action of the A-field, arriving in this way to the new classification scheme and its 
underlying geometry. 

There are important physical consequences of all this. We will see that, for every D- 
brane world-volume such that the 5-field gerbe, restricted to it, has a torsion first Chern 
class [H] (that happens when the if- flux is exact on the world- volume as a differential form) , 
it is always possible to find a gauge bundle such that the Freed- Witten anomaly vanishes, 
thanks to the term appearing only in the non-abelian case. Therefore, if we allow stacks of 
D-branes, the only condition (still strong!) that the Freed- Witten anomaly imposes on the 
world-volume is that [H] is torsion; then, in order for the anomaly to vanish, in some cases 
it is necessary that the rank of the gauge bundle is sufficiently high, but this is a condition 
on the gauge theory, not on the world-volume. In particular, if H is exact on the whole 
space-time, there are no Freed- Witten anomalous world-volumes, even if some of them have 
constraints on the rank of the gauge theory. 

The topic of the Freed- Witten anomaly cancellation in type II superstring theory, even 
with a non-abelian A-field, has been discussed even in [S] and [T]. Nevertheless, we try to 
give in the present paper a general classification scheme for the allowed configurations, which 
is not explicitly shown in the literature, and to show case by case the nature of the gauge 
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theory on the D-brane. We use to this aim the relative Dehgne cohomology, which describes 
intrinsically the joint configurations of the two fields. 

The paper is organized as follows. In section [2] we recall the classification scheme in the 
abelian case, and we introduce the non-abelian picture. In section |3] we discuss the notion 
of twisted bundle with connection, which naturally appears in the non-abelian case. In 
section m we present the classification of the allowed A-field and S- field configurations in the 
non-abelian case, showing the possible natures of the gauge theory on a stack of D-branes. 
In section we discuss the notion of twisted Chern classes and characters in this context, 
relating them to the notion of "non integral line bundles" introduced in [3] . In section |6] 
we analyze the geometrical nature of the Wilson loop for each kind of gauge theory on a 
D-brane or stack of D-branes. In section [7] we draw our conclusions. 



2 World-sheet action and Freed- Witten anomaly 
2.1 Review of the abelian case 

We summarize the possible natures of the gauge theory on a single D-brane, as discussed 
in [3]. We consider a D-brane world- volume Y (Z X. In the superstring world-sheet action 
there are the following terms: 



S = ---+\^J dtP^D^ij j+2n- ^*B + J 4>*A 

where : S — )■ X is the trajectory of the string world-sheet in the target space-time, and 
the first term (actually, its exponential) is the Pfaffian of the Dirac operator coupled to TY 
via (h. Therefore: 



•pfaffD^ ■ exp|^27ri ^ 4>*B^ ■exp|^27rz j (p* A 



We call W^{Y) e H^{Y,Z) the third integral Stiefel- Whitney class of Y, and W2{Y) e 
Z2) the second Stiefel- Whitney class [10]. The pfaffian of the Dirac operator is a 
section of a line bundle on the loop space of Y, determined by a fiat gerbe on Y with first 
Chern class 1^3(1^) and holonomy W2{Y). Such a gerbe can be represented by a cocycle 
{?7~^^, 0, 0}, for rja/s-y constant and [{^7^/37}] — '^2(^) in the cohomology of the constant sheaf 
[/(I). Therefore, the S-field gerbe, restricted to Y, must be represented as {riai3'y, 0,B + F}, 
so that the product {1,0,5 + F} is trivialized and has a well-defined holonomy even on 
surfaces with boundary, like the string world-sheets attached to Y: if such a surface S 
is entirely contained in Y, the holonomy is simply exp(27ri Jj.{B + F)), otherwise, if only 
C Y, the expression is more complicated but anyway well-defined Therefore, since the 
class [{^70/37}] in the sheaf U_{1) (i.e. the sheaf of f/(l)-valued smooth functions) is W^iY), 
also the 5- field gerbe, restricted to Y, must have first Chern class PF3(y)|l This is the 
Freed- Witten anomaly cancellation: 

Ws{Y) + [H]\y = (2) 



^The first Chern class should be —WsiY), but, since the order of such a class is 2, the minus sign is 
immaterial. 
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for [H] the first Chern class of tlie 5-field gerbe. Tfius, if tlie i?-field is represented by a 
generic cocycle {(^a/s-y, Aq,^, -Bq}, tlie A-field on Y must provide the suitable reparametrization, 
i.e. it must hold: 

where B^ + is globally defined. Therefore, the admissible configurations are classified by 
the coset: 

Hl,^y){XM^)^^i^^l.y) (4) 

defined in formula (13) of If ^2(1^) 7^ the transition functions {rjap-t) are defined up 
to a coboundary in the constant sheaf U{1), otherwise there is the preferred representative 
{1}, so that we get the group H'^{X,IJ_{1) ^ Vl\,Y). The gauge theory on Y is 

described by the class [{hap, ^a}] 1-hypercoboundaries. Hence, there are the following 

possibilities: 

• iJ|y 7^ 0: in this case there are no preferred representatives of the gerbe on Y , thus 
the nature of [{/ia^,^«}] depends completely on the gauge choice for the gerbe; in 
fact, even if we choose globally defined B and F, there are large gauge transformations 
S ^ S + $ and F ^ F - $. 

• H\y = 0: in this case there are the preferred representatives {ga^-y, 0, 0} with [{5'a^7}] = 
Hol(-B|y) in the cohomology of the constant sheaf U{1). There are the following pos- 
sibilities: 

— Hol(i?|y) 7^ W2{Y): then 5^{hai3, Aa} = {VaiB-ydap-i^ 0' ^} i ^^^^ obtaiu a non 
integral hne bundle [3]. 

— Hol(5|y) = W2{Y) ^ 0: then A^} = {(5Ua/3,0,F} with X^fi locally con- 
stant, so that we obtain a line bundle up to the torsion part. 

— Hol(-B|y) = W2{Y^ = 0: then 6^{hai3, Aa} = {1,0, F}, so that we obtain a line 
bundle, i.e. a canonical gauge theory. 

Actually, we have shown that even in the case Hol(-B|y) = W2{Y) = there is a residual 
gauge freedom: a fiat bundle on the whole space-time, restricted to the D-brane, is gauge 
equivalent to zero. If more D-branes are present, the space-time bundle must be the same 
for all of them. 

2.2 Introduction to the non-abelian case 

For a stack of n D-branes the world-sheet path- integral measure becomes |11] : 

e'^ = ■■■pfsiSD^-exp(^2ni j ^*B^ ■TTVexp(^2m j (5) 

where V is the path-ordering operator. Since the pfaffian of the Dirac operator and the 
term involving the B-field are not different with respect to the abelian case, we still need to 
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represent the B-field as {rja/s-y, 0, Ba + Fa}. The main difference is that, when [{hap, Aa}] is 
a rank n vector bundle, the expression ([3]) becomes: 

{fi'a/37, Ba} ■ S^{hap, Aa} = {Va/^^, 0, Ba + ^Tr Fa} (6) 

where has now a different meaning. The term ^ multiplying Tr Fa is due to the fact 
that, in the non-abelian case, the term B + F is actually B ■ In + F for /„ the identity 
matrix, therefore the gauge invariant term is Tt{B ■ + F) = nB + TrF. Now the A- 
field does not act as a reparametrization any more, since in ([6]) the operator 6^ is not the 
Cech coboundary operator of the sheaf U_{1) for n > 1. Let us analyze what happens. The 
transition functions ha/s take value in U{n), in particular, for a fixed good cover il = {Ua}aei 
of Y, they are functions hap : Uai3 — ?■ U{n). The local potentials are instead local 1-forms 
Aa : TUa — )■ iu(n), where TUa is the tangent bundle of Y restricted to Ua, and u(?7.) is the 
Lie algebra of f/(?i)|l The usual cocycle condition for vector bundles is: 

haphjS-fh^a = In Ajj — h^^AahajB — ^h^J^dha/S = 0. 

Therefore, it is natural to interpret (|6]) as: 

hafihfj'yh.ya — Va/S-ydafi-y ' 

Aj3 — h^^AahajS — ^ihafjdha/S = —^ajS ' In (7) 

^lldAa = -TlFa. 

n " n " 

We will see in the next section that these data define a twisted bundle with connection, and 
that the abehan cocycle {r^a/j^f/"^^, — A^,^, ;iTr Fq,} is the twisting cocycle. Its cohomology 

class is the twisting gerbe. Therefore, the operator 6^ assigns to a twisted bundle with connec- 
tion its twisting cocycle. This implies that the cohomology class [^^{/ia/?}] = [{Va/s-yga^-y}] ^ 
H^{X,U_{1)) is not necessarily trivial as in the abelian case, but it is the first Chern class of 
a twisting gerbe: it is natural to inquire which gerbes can satisfy this property. Hence, in 
order to study the nature of the A-field in the case of a stack of D-branes, we are naturally 
lead to study the geometry of twisted bundles with connection. 

3 Twisted bundles with connection 

In this section the reader is assumed to be familiar with the basic notions of Cech cohomology 
and hypercohomology: a brief summary can be found in the appendices and in chapter 3 of 
[3], while a complete discussion can be found in [3]. 

3.1 Twisted bundles with connection 

The notion of twisted bundle has been treated several times in the literature [12]. The 
transition functions of an ordinary vector bundle of rank n satisfy haphp^h^a = In- One 
can consider a more general case in which haphp^h^a = Capy ■ In, with hapi^x) G U{n) but 

^We call zu(n) the set of matrices of the form iA with A e u(n), i.e. the set of hermitian matrices of rank 

n. 
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CajS-yix) G f/(l). Even on twisted bundles there exist connections, which we now introduce. 
This notion has been discussed in the literature using the language of bundle gerbe modules 
which is not necessary for our aims, or using the language of sheaves and their cohomology 
[TT| [T2] . but without explicitly relating it to abelian gerbes, as we need here. In pLj the 
topic is discussed with an approach similar to ours, but we try to provide a more organic 
presentation. We thus summarize the main properties of twisted bundles with connection 
using only the language of sheaves of functions and differential forms. A bundle can be 
twisted with respect to an abelian 2-cocycle {Cajs-y}', similarly, a bundle with connection can 
be twisted with respect to an abelian 2-hypercocycle {Ca/37, Ba}. For a fixed good cover 
il = {Ua}aei of X, we denote by C^{X,U_{n) — )■ the set of cochains made by local 

functions ha/s '■ Uai3 — )■ U{n) and local 1-forms Aa : TUa — )■ iu{n), and we give the following 
definition: 

Definition 3.1 For {(, A, B) an abelian cochain, a (C, A, i?)-twisted bundle with connection 
of rank n is a cochain {haj3,Aa} G C^{X,U_{n) — )■ such that: 

• ha/shfj-yh^Qi Co/37 ' -^nj 

• Ajj — h^^A^hap — = A^/? ■ /„; 

• iTrdv4„ = 5,. 

We call Zj-^ ^^{X , U_{n) — )■ of {(, A, B) -twisted bundles with connection. 

Some comments are in order: 

• The trace Ti dA^ is equal to the trace of the curvature Tr((iA„ + A^ A A^), since 
Tr{A^ A A^) = {A^Yj A {A^Y ^ = E^<i((^a)*,- A {A^Y , + {A^Y ^ A {A^Yj) = 0. 

• The term ^ in ^TrdA^ = B^ is very important and needs to be clarified. We can 
guess that it must be present looking at the behavior of the tensor product. In fact, it 
is natural to require that, if {hai3,Aa} G Z(^^^^^)(X, f/(ra) -> and {h'^p,A'^} G 

^(C',A',B')(^'^("^) ^ ^Im)^ then {h^p,A^}®{h'^f,,A'J G ^(\^,,a+a,,s+b,)(X, [/(nm) ^ 
^iu(nm))- '^^^ point is that the correct identity is: 

^Tr(A^ ® + /„ ® A') = iTr A^ + ^Tr A' 

as one can easily prove considering the case Aa = \a ■ In and A'^ = ■ Im, for 
Xa, X'a 1-forms. Moreover, it is also natural that the determinant of a trivialization 
is a trivialization of the determinant, therefore it must hold that 5^{det /iq^, TrAc} = 
{(2i3^,nAa/3,nBa}, and the third component confirms the factor K 

• The identity J„ appears both in Co/37 ■ In and A^^ ■ but the situation is different, 
because the transition functions lye in U (n), while the local potentials lye in iu{n). The 
point is that, while In has a specific role in f/(n), being the identity of the group, it 
has no particular role in m(n); therefore one could inquire what is its origin. Actually, 
for n = 1, the local potentials lye in iu{l) = M. If we consider the embedding of U{1) 
as the center of U{n), which is 2; z ■ /„, its differential sends za; G M in zx ■ J„ G iu{n). 
Since the embedding of the center is used to define twisted bundles, the behavior of 
its differential explains why the identity appears even in the potentials. 
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Since ^Ti dAa = Ba, it follows that dBa = 0, i.e. the twist cocycle must represent a 
flat gerbe (we show in the following that it must be a cocycle). Let us consider an ordinary 
vector bundle with connection: then the twist class is {1,0, ^Tt F}, for F the local field 
strength. Therefore, the twisting cocycles, corresponding to ordinary vector bundles with 
connection, represent topologically trivial gerbes with rational (not integral in general!) 
holonomy, whose n-th power is integral. Hence, every cocycle {1, 0, B} with B non-rationao 
cannot be a twist hypercocycle, since the fact that the first two components are (1,0) implies 
that the only possibility is an ordinary vector bundle. This is coherent with the fact that 
the twist hypercocycle must represent a gerbe with torsion holonomy, not only first Chern 
class, as we discuss in the following. 

If {hap,Aa} is (C, A, i?)-twisted and we reparametrize it as for ordinary vector bundles: 

^q} = {fa ^hajifp, fa ^^afa + ^dfa], (8) 

then also {h'^j^.A'^} is (C, A, i?)-twisted, as the reader can verify by direct computation. 
Therefore we can define: 

Definition 3.2 An isomorphism class of (C, A, i?)-twisted bundles with connection is a class 
[{hai3, Aa}] of {(, A, B) -twisted bundles which differ one from each other by the action ([8]) of 
a 0-cochain {fa}- We call: 

the set of isomorphism classes of {(,, A, B) -twisted bundles. 

If there exists a (^, A, i?)-twisted bundle, then {Ca/37, A^^, Ba\ is a cocycle. In fact, one can 
verify that ~6'^{C,aP'y] = 1 [12j. Moreover: 

Aq/3 + A/3-y + A^a = ;^Tr(AQ,/3 ■ /„ + A^^ ■ /„ + A^^ ■ In) 

= ^Tr(v4/3 - h~^Aahai3 -dloghafs + A^- h^^Afshp^ - d\oghp^ 

+ Aa- h'lA^h^a - d log h^a) 
= -^Tt d\og{hafihfj^hya) = -:^Tr((ilog Ca/37 ■ In) = -d\og(afi^ 

and: 

B^-Ba = ^Tr diAp - Aa) = ^dTiiA,, - Aa) 

= ^dTiiAp - h^lAah^l - h^ldhap) = ^Trd(A„^ ■ /„) = dAa^. 

Therefore we can define: 

Definition 3.3 For {hai3,Aa} a {(, A, B) -twisted bundle of rank n with connection, the hy- 
percohomology class [{(a^-y, Aaa,Ba}] G H^{X,U_{1) ^ Q"^) is called the twist hyper- 

cohomology class of{hai3,Aa}u 

^ "Non-rational" means that there are no integral multiples which represent an integral cohomology class. 
For a generic space X, B rational means that there exists n G N such that the integrals of B over the 
2-cycles belong to ^-Z. For spaces with finitely generated homology groups, like compact manifolds even 
with boundary, this is equivalent to require that the integrals over 2-cycles belong to Q. 

^We could define more intrinsically the gerbe associated to a vector bundle with connection. In particular. 
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We list some topological properties of twisted bundles with connection, analogous to the 
topological ones for twisted bundles [T^ : 

• The twist class in H'^{X,U_{1) — )■ — t- fi^) must be a torsion class. In fact, if we 
compute the determinants, we obtain 5^{det /iq/j, TrA^} = {C^^^, riA^^, ni^a}. Since 
{det ha^, TiAa} is an abelian 1-cochain, it follows that the n-th power of the twist class 
is trivial. 

• For every cocycle {(a/s-r, -^a/s, B^} representing a torsion hypercohomology class, there 
exists a {(, A, B) -twisted bundle. We prove it in steps: 

— Let us start with the case of a topologically trivial gerbe, which we represent as 
{1, 0, -F} with F integral. Then, we consider an ordinary line bundle {^0/3, Xa} 
with curvature dXa = F, and the direct sum {^a/?, Aa} © {/„_i,0} = {C,ai3 © 
In-i, Xa © 0„_i}. It is easy to verify that the twist class is {1, 0, ^F}. 

— If there exists a (C, A, i?)-twisted bundle {hai3,Aa}, then, for every hypercocycle 
{C^^^, A'„^, B'^} cohomologous to {Ca/37, A„^, B^} there exists a {(', A', 5')-twisted 
bundle. In fact, for {('a^^, A'^p, B'^} = {Ca/37, A^^, 5„} ■ 6^{^afi,Xa}, it is enough 

to consider {hal3^al3, + Xain}- 

— For any torsion first Chern class there exists a twisted bundle haj3hp.yh.y0L = Cap-yin 
[2]. On every twisted bundle there exists a connection: in fact, for {^a\a(^i a 
partition of unity relative to the cover ii, the local forms ^0=2^ Ylip '^I39pa^9i3a 
define a connection, as the reader can verify. Therefore, since we have proven 
in the previous step that we can freely change the representative, we can find a 
{(, 0, F)-twisted bundle {hap, Aa}. Another gerbe with the same first Chern class 
and torsion holonomy can be represented as {Ca/375 0, F + F'}, and we know that 
there exists a (1, 0, F')-twisted bundle {h'^p,A'^}. Then {hai3,Aa} ® {h'a/s^^'a} 

a (C, 0, F + F')-twisted bundle. 

This is very important by a physical point of view, as we will discuss in the following, 
since it implies that, considering the Freed- Witten anomaly, the only condition for 
a world-volume Y to admit a gauge theory is that [H]\y is torsion, i.e. that H\y is 
exact, even if in general there are constraints on the rank, as we already said in the 
introduction. 

• The order of the twist class divides the rank of the twisted bundle, but it is not nec- 
essarily equal to it. From the fact that the n-th power of the twist class is trivial, 
it follows that the order divides n. The counterexample in [2], prop. 2.1(v), which is 
about topological twisted bundles, is suitable also for twisted bundles with connection. 

if we consider the central extension of Lie groups 1 — > C/(l) ^> U{n) — > PU{n) — > 1, we can project a twisted 
bundle on X to a P[/(n)-bundle P — > X, and a connection on a twisted bundle can be projected to a 
connection on P. Then, to P is associated a gerbe [S] which measures the obstruction for P to be lifted to a 
/7(n)-bundle. A connection on P provides a connection on such a gerbe, once that we fix a splitting of the 
associated sequence of bundles O^XxiM^-PxAd — ;> P XAd su(n) — 0, which, in this case, can be 
canonically defined by the trace P XAd u{n) X x iM. defined as [(p. A)] — > TrA. 
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We call: 



(C,A,B) 

3.2 Twisted bundles with connection and gauge transformations 

We make a couple of remarks about twisting bundles with connection, considering what will 
come out from the classification of the gauge theories on a D-brane world-volume. Since 
the twisting class seems more intrinsic than its representatives, one could inquire if there 
is not a way to define a twisted bundle with connection, knowing the hypercohomology 
class [{gai3-y, Aai3, Ba}] and not one of its representatives. Actually, if {Ca/375 Aq,^, 5^} and 
A^^, B'^} are cohomologous, every abelian cochain {C,ai3, K} such that A^^, B'^} = 

{Ca/s-y, ^ai3, Ba} " S^{C,ai3, K} iuduces a bijectiou: 

V5(e,A)[{fl'a/3, Aa}] = [{ga/B " ^af3, + Kin}]- 

The bijection depends on the cochain, therefore there is not a canonical way to define the 
set of twisted bundles with connection with respect to a hypercohomology class instead of 
a hypercocycle. Only for [{(,A,B)] = 0, there is the canonical representative {(,A,B) = 
(1,0,0), leading to ordinary vector bundles with connection on X such that the trace of 
the curvature vanishes. In order to obtain all the ordinary vector bundles, we must take 
[(] = 0, and consider the representatives (1,0,5) for [B]aji rational. Their union contains 
the ordinary vector bundles with connection. 

3.3 Non-integral vector bundles 

We consider a special class of twisted bundles with connection: 

Definition 3.4 We call non-integral vector bundle with connection a twisted bundle with 
connection such that the twisting cocycle is of the form {gap-y, 0, B}, where the functions gap-y 
are locally constant. 

Thus, a non- integral vector bundle up to isomorphism is a class [{/^a/?, A^}] such that: 

^0/3^/37^70 = 5'o/37 'In Ap — h^JjAaha/S — 2^^a^'^^a/3 = 0. 

These bundles will naturally appear in the classification of gauge theories on a D-brane, and 
they are the natural generalization of the "line bundle with non integral first Chern class" 
defined in [3]. In fact, we will easily show in the following that for this kind of bundles 
we can define the Chern classes in the usual way, but they are real classes, not necessarily 
integral. 
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4 A-field and B-field configurations 

Now that we have defined twisted bundles with connection, we can complete the discussion 
of subsection 12.21 

4.1 Classification 

We have seen that the expression: 

must be interpreted in the non-abelian case as! 

Ap — h^J^Aaha^ — -^^h^^dhajS = — Aq^ ■ In (11) 

iTrdA„ = iTrF„. 

This means that the A-field is actually a connection on a twisted bundle, and the operator 5^ 
assigns to a twisted bundle with connection its twisting cocycle. The complete information 
is provided by the class [{^a/?, ^q}], and, if we call (C, C) the twisting cocycle, then (ITT]) 
is equivalent to (C, C) = {77(7^^, —A, ^TrF}. This implies that the cohomology class 
[C] = [{VaiB-ydal-y}] ^ H'^{^iUiX)) is not necessarily trivial as in the abelian case, but it is 
a torsion class. Hence, coherently with [11], the Freed- Witten anomaly cancellation for a 
stack of n D-branes becomes: 

[H]\y + \Q = W,{Y) (12) 

where [Q is the topological twisting class (i.e. the first Chern class of the twisting gerbe) of 
the A-field. As anticipated in the introduction, if we fix the world-volume Y and we allow 
for any number of D-branes n, then [Q can be any torsion class, therefore there is always a 
solution to fll2p provided that [H]\y is torsion. In particular, if [H\ is torsion on the whole 
space-time X, every world- volume is admissible with respect to the Freed- Witten anomaly, 
but, when [H]\y 7^ W^{Y), it is not possible that Y hosts only one D-brane. The minimum 
number of D-branes is a multiple of the order of PV3(y) — [-ff]|y; we do not know if it is 
possible to find it with a general formula. From fflO]) it follows that the gauge invariant form 
on the world-volume is not B + TrF but B + ^TrF, or, equivalently, uB + TrF, and this is 
coherent: for a stack of n D-branes, B is actually a multiple of the identity /„, therefore the 
trace of the gauge-invariant term B + F is uB + TrF. 

Let us now show how to classify all the admissible configurations of the A-field and the in- 
field, up to gauge transformations. In other words, we show which set classifies the possible 
inequivalent configurations satisfying ( [TO]) . At this point it should be helpful to read carefully 
sections 4.1 and 4.2 of [H], since they show the analogous set, first for the more familiar case of 
line bundles and their sections, and then for superstring theory with abelian A-field. In this 
paper we give a more intrinsic description of the classification in the abelian case using the 
mapping cone [8J, so that we avoid complicated diagrams when considering the non-abelian 
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case. In particular, given a map of complexes : {K', d^) — )■ (L*, ), the cone of ip is the 
complex: 

C{^y:=K^(BV-' d^ci^)--={^) J-i)- (13) 

If we consider the cohomology in degree i, we see that it is made by classes [{k\ /*~^)] where 
represents a cohomology class of K whose image via (f^ is trivial, and is a trivialization 
of — Here we consider the complexes of sheaves: 

Sx,2 ■= lL{^)x ^x^R -> ^x^R i := f/(l)y ^y^r 

both extended by on left and right. For i : Y ^ X the embedding of the world- volume in 
the space-time, we can push forward the complex on F to a complex of sheaves i*f/(l)y — ?■ 
i^fiyjj on X. Then, there is a natural map of complexes: 

defined, on an open subset U C X, as the restriction of functions and forms to UCiY. We can 
now construct the cone of v'x,y,2, which is a complex of sheaves on X. The relative Deligne 
cohomology groups of S*x 2 with respect to Sy^ are by definition the hyper cohomology groups 
of the cone of ^xx,2- The group that we called if^(X, [/(I) — i- fij^ — )• VL^, Y) in [3] is actually 
the relative hyper cohomology group: 

H (X, Sx^2^^*^Y,l}- 

An element of this group is a couple made by a gerbe on X, which is trivial when restricted 
on Y, and an explicit trivialization of that gerbe on Y. The gerbe on X is the 5-field, the 
trivialization on Y the A-field. 



In the case of non-abelian A-field, we need an analogous mapping cone, with the suitable 
modifications. In particular, we replace the complex Syi = U_{1)y — ^ ^yr with the complex: 



S'y,^:=U{n)y^Ql.^, 



iu(n) 



^yR ®R iu{n) and the boundary sends a function f : U U{n) to 



where - 

^f~^df : TU — iu{n). Since U{n) is not abelian, we need to be careful in the definition of 
the hypercohomology of this complex. In particular, we associate to it the double complex: 



D 



(n)) 



■c\Y,ni 



m(n) / 



■ C'^{Y, 



D 



d 



53 



C'{YMn))^Zy){YMn))^C\Y,m)^C\Y,m) 



53 



where: 



(14) 



^ij{i)0^^lLiji)) is the set of twisted bundles (not up to isomorphism) on F, i.e. the 
set of f/(n)-cochains {hap} such that there exists a f/(l)-cocycle {Ca/37} satisfying 

hafshfj-yh-yct Ca/37 ' -^n- 
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• A° is an action of C°iY,U{n)) on the whole direct sum f/(n)) © C^{Y, 
in particular: 

{fa} ■ {hal3, Aa} = {fa ^f^ajsflS, fa ^^afa + ^ifa ^^/a}- 

• D is a map whose domain is the whole Zlfi^^^{Y,U_{n)) © {Y, Q]^!^^-^) , in other words 
the horizontal and vertical arrows cannot be defined independently: 

D{hai3, Aa} = {Ais — h^^Aahais " -^h^J^dhajs} ■ 

• 6^ assigns to a twisted bundle its twisting cocycle. 

The 1-cochains of are the elements of f/(n)) © {¥, n]^^^^) , and the A-field 

representatives {ha/s, Aa} belong to that group. The cocycles, i.e. the cochains belonging to 
the kernel of D, are the representatives of vector bundles with connection (not twisted), and 
the action of a 0-coboundary {fa} via A° is the gauge transformation (|8]). Therefore, the first 
hypercohomology set of this complex is in natural bijection with the set of vector bundles 
with connection on Y. We remark that the 1-cocycles are not a group but a pointed set, the 
marked point being the trivial cocycle, and the 0-cochains act on this set: the cohomology 
set is the quotient by this action, and it is a pointed set as well. 

We thus consider the natural map of complexes: 

defined, on an open subset f/ C X, by the restriction of functions and forms to UdY, followed 
by the central embeddings U{1) ^ U{n) and ^2^^. ^Yiu{n)- "^^^ construct the cone of 
(y9x,y,2,n5 which is a complex of sheaves on X. The relative Deligne cohomology groups of 5"^ 2 
with respect to Syin by definition the hypercohomology groups of the cone of ^PxY2y 
remembering that, in order to explicitly construct the associated double complex, we must 
consider for Syin the diagram f|T^ . We claim that, for W2{Y) = 0, the set which classifies 
the allowed A-field and S-field configurations is the relative hypercohomology group: 

In fact, as we recalled after equation ( IT3|) . an element of this group turns out to a gerbe 
on X, i.e. the 5-field, with a "non-abelian trivialization" via v^x,y,2,n of the restriction to 
Y, such a trivialization being by construction a twisted bundle with connection, i.e. the 
y4-field. If we fix a good cover and explicitly compute the Cech cohomology groups, the 
2-cochains of the associated total complex are given by C'^{Sx2) © C*^(^*'S'y 1 „), thus a 2- 
cochain is {ga/S'y, Aa/3, Ba, hap, Aa}. Moreover, {ga/3'y, Aa/^, ha/^, Ba, Aa} is a cocycle when 
{gap-y, Aap, Ba} represents a gerbe with connection, and {hai3,Aa} is a twisted bundle with 
connection on Y, with twisting hypercocycle {{i*Yg~^^, —{i*y{Aai3), ^Tt dAa}. Therefore, 
under these conditions, equation flTU]) is satisfied for rja^-y = 1. 
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Action of 1-cochains. We explicitly write down the action of the 1-coboundary, since we 
will need it in the following. As we discussed above about diagram f lT^ . the 1-coboundary 
is not a map but an action of the set of 1-cochains on the set of 2-cochains. From definition 
(fT3|) and the comments after diagram ([HD, the action is: 

{9al3, Aq,, fa} ■ {gal3^, ^a/S, -Bq, /io/?, A^} = {daji^ ' dapd p-yQ-ya-, ^aji + '^5'a/3 + ~ ^a-, 

Ba + dK, {efgapin ■ f-^Kpfp, {l*fKIn + f'^AJ^ + ^Ja^dfa}- 

(15) 

The action on the first three components is exactly a change of representative of the -B-field 
gerbe on X. Let us now analyze the last two components. Let us suppose that fa = In- Then 
we get {i*Ygai5ln ■ and {i*)^AaIn + Aa, which is the isomorphism for {^a/?, A^} = 
{gai3,-Aa}'- therefore, the action of the 1-cochains, when f^ = In, is the natural bijection 
between the set of twisted bundles with connection, under the change of representative of 
the twisting hypercocyle. Let us now suppose that gap = 1 and Aq = 0. In this case we 
get fa^hapfp and fa^Aafa + ^fa^dfa, which is a change of representative within the same 
isomorphism class of twisted bundles with connection (see def. 13. 2p . Therefore, the action of 
a generic 1-cochain is at the same time a change of representative and a change of twisting 
hypercocycle, the latter according the change of representative of the 5-field gerbe. This is 
the most natural definition of gauge transformation for the A-field and the 5-field. 

There is a last step in order to obtain the classifying set of -B-field and A-field configu- 
rations: in general we do not look for a trivialization of the gerbe on Y, but for a cocycle 
whose transition functions represent the class W2{Y) G H'^{Y, U{1)), as in formula ( ITOj) . The 
transition functions of a coboundary in the previous picture represent the zero class, so they 
are consistent only for W2{Y) = 0. Hence, we cannot consider the hypercohomology group, 
but one of its cosets in the group of 2-cochains up to the action of 1-cochains. In fact, the 
condition we need is not the cocycle condition, but: 

S^{gap-y, Aap, Ba, hap, Aa} = {0, 0, 0, r]ap-y, 0} (16) 

thus we need the set made by 2-cochains satisfying f|T6|) up to the 1-coboundary action. 
Actually, we need anyone of these cosets for [{?7a^7}] = W2{Y) G H'^(Y,U{1)), since, for 
'W2{Y) 7^ 0, there is not a preferred one. We denote their union by: 

H'{X,Sl,,t,S-y^,^^,W2iY)) (17) 

and this is the set of configurations we are looking for. 

4.2 Gauge theory on a stack of D-branes 

We are now ready to discuss the possible geometric structures of the gauge theory on a stack 
of D-branes, arising from the previous picture. We first do it concretely, using functions and 
potentials, then we give a more intrinsic description, at least for W2{Y) = 0. 
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4.2.1 Generic 5-field 



We consider f[TU|) . wliicli we write as: 

{gaf^j, Kp, Bo,} ■ {g'l^VaM^ -Kp, ^TrF^,} = {r/„^^, 0, 5 + ^TrF} 

We have seen tliat tliis is the equation satisfied by the elements of f|T7|) . As in the abehan case, 
if if 7^ the gauge theory [{haj3, ^a}] on the D-brane depends on the gauge {gap-y, ^ap, -Ba} 
that we choose to represent the space-time gerbe. If [{5'a/37}] = [{^a/37}] G H'^iXiUiX)) 
(not the constant sheaf U{1), the sheaf of functions f/(l))) we can always choose a gauge 
{^70/37,0,-5}, so that we get 5^{hai3} = 1 and —dhap + Ap — = 0, which means that 
Aq}] is an ordinary gauge bundle with connection on the world-volume. However, 
since B and TrF are arbitrary, such a bundle is defined up to large gauge transformations 
B B + ^ and TrF — )■ TrF — $ for $ integral, thus it is anyway non canonical |j 



4.2.2 Flat 5-field 

If B is fiat, its holonomy is a class Hol(i?|y) G H'^{Y, U(l)) (constant sheaf U{1)). Here the 
picture is analogous to the abehan case: since in equation (fT8|) the transition function on the 
r.h.s. is gap^Vap-y, in the fiat case we still have to analyze the difference Hol(-B|y) — W2{Y). 
The difference is that, since the Freed- Witten anomaly imposes only that Hol(-B|y) is torsion, 
when B.o\{B\y) —W2{Y) 7^ 0, the latter is not necessarily topologically trivial, i.e. the image in 
H^{X, Z) under the Bockstein map is not necessarily as in the abelian case. Summarizing, 
we distinguish three cases as in |3]: 

• B.ol{B) = W2(Y) = 0: here we suppose Hol(-B) = on the whole X; we have for the 
5-field the preferred gauge choice {1, 0, 0} (this is an operation, for a gerbe, analogous 
to choosing parallel local sections for line bundles). The choice i? = is therefore a 
canonical choice (it fixes also large gauge transformations). We also choose the gauge 
r7„/37 = 1. Thus we get {1,0,0} ■ {1,0, ^TrF,} = {1,0, ^TrF,} with {l,0,iTrFj = 
{haphp^h^a, Ap - h'^Aahap - h~^dha0, ^TrdAa}. Hence we have Kphp^h^^ = In and 
Ai^ — h~^Aahai3 — h~Jjdhai3 = 0. In this case we obtain a vector bundle with connection, 
i.e. a gauge theory in the usual sense, canonically fixed. However, we will see in the 
following that, also in this case, there can be a residual freedom in the choice of the 
bundle, depending on the topology of the space-time. 

• Hol(-B|y) = W2(Y): we choose for the i?-field a gauge {rjap-y, 0, 0}. The choice -B = is 
still canonical. Since we have not a preferred gauge choice within the class W2{Y), we 
get {770/37, 0, 0} • {S'^Xap, 0, ^Tr Fa} = {77^/37 ■ S^Xap, 0, ^Tr F^}, for X^p locally constant, 
with {5Uc./3,0, iTrF„} = {S^hap, A,3 - h-^Aahap - h'^dhais, ^TrF„}. In this case, we 
obtain a vector bundle with connection, up to a flat line bundle. 

^The gauge transformation for TrF means that we can multiply (via tensor product) the bundle 
[{/ic(0, ^a}] by a line bundle with connection, the curvature of the latter being — $. Since the action of 
line bundles, via tensor product, is a group action on the set of vector bundles with connection of a fixed 
rank, we can consider the quotient: the equivalence class is well-defined even up to large gauge transforma- 
tions, but it is not so meaningful. Of course, in the abelian case this does not have any meaning. 
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• Hol(i?|y) generic: we fix a cocycle {(7^/37} such that [{(?a/3-Y}] = Hol(i?|y) G if ^(F, f/(l)). 
We thus get a preferred gauge {gap-t^ 0, 0}, so that flTS]) becomes {Qap'^'VaiS')^ 0, ^Tr Fa} = 

{haph/S^h-ya, — h^^Aahap — h^^dha/S, ^TrFa}. We obtain haphp^h^a = Qal-yVali^^n 

and Ap — h'^A^hajB — h~^dha^ = 0. Since the functions ga^^Va^'y locally constant, 
we obtain a non-integral vector bundle with connection (see def. 13. 4p . With respect 
to the abelian case, here "RoI{B\y) generic" means that it is any flat holonomy, not 
necessarily with first Chern class equal to W^iY). 

4.2.3 Residual gauge freedom 

We have shown in [3] that, even when Hol(i?) = W2{Y) = 0, the gauge bundle on the world- 
volume is not completely fixed, but in general there is a residual gauge freedom, depending 
on the topology of the space-time. The situation is analogous in the non-abelian case, as 
we anticipated discussing the map flM|) . even if the result can be unexpected a priori. We 
suppose Hol(-B) = on X, i.e. that the whole 5-field is trivial, then we will discuss what 
happens when only Hol(i?|y) = 0. The configuration for Hol(-B) = W2{Y) = is described by 
[{gaf^y, Aa/3, Ba, k^p, A^}] G H'^{X, 5*^ 2' 1 n, W2{Y)), wherc the gerbe [{g^p^, Aq,^, -Bo}] is 
geometrically trivial. As we said, we can choose the preferred gauge {1, 0, 0, hap-, Aa} so that 
the cocycle condition gives exactly {1, 0, 0, /iq/j/i/j-^/i^q,, — h~^Aahap — ^ih~^dhai3} = 0, 
i.e. [{hai3, Aa}] is a bundle with connection. There is still a question: which are the possible 
representatives of the form {1, 0, 0, hai3, Aa} within the same class? Can they all be obtained 
via a reparametrization of the bundle [{/ia/j,^^}] G H^{Y,U_{n) — )• From (HM . the 

possible representatives are given by: 

{gal3, Aq,, fa} ■ {1, 0, 0, hal3, Aa} = {QapQ p-yQ-fa-, dga^ + A^ — Aq,, 

dka, {^*f9apln " fa^K^fp. {i*fKIn + f'^Aafa + ^Ja^^fa}- 

therefore, in order to be of the form {1, 0, 0, h'^^, A'a}, the conditions are: 

6\gap} = l -dgap + Ap-Aa = dAa = 0. (19) 

If we choose ga/s = 1 and A„ = we simply get /i^^ = f'^hapfp and A'^ = fa^Aafa + 
^fa^dfa, i.e. a reparametrization of [{/la/?, Aq}] G H^{Y,U_{n) — )■ and that is what 

we expected. But what happens in general? Equations (|T9l) represent any line bundle gap 
on the whole space-time X with a flat connection, thus they represent a residual gauge 
freedom in the choice of the line bundle over Y: for any fiat line bundle [{gap, Aa}] on the 
whole space-time X, the vector bundle [{gapWlm Aa\Yln}] on the world-volume is immaterial 
for the gauge theory on the D-brane. Therefore, even in the case Hol(i?|y) = W2{Y) = 0, 
the vector bundle with connection on Y is well-defined up to the tensor product with the 
restriction of a fiat line bundle on the space-time. 

We recall the physical interpretation of the abelian case. Let us consider a line bundle L 
over Y with connection Aa'- it determines the holonomy as a function from the loop space of 
Y to U{1). Actually, we are not interested to a generic loop: we always work with 9S, with 
E in general not contained in Y: thus, such loops are in general not homologically trivial 
on Y, but they are so on X. Let us suppose that L extends to L over X: in this case, we 
can equally consider the holonomy over (9E with respect to L. If L is fiat, such a holonomy 
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becomes a ?7(l)-cohomology class evaluated over a contractible loop, thus it is 0. Hence, a 
bundle extending to a flat one over X gives no contribution to the holonomy over the possible 
boundaries of the world-sheets. If there are more than one non-coincident branes, the residual 
gauge symmetry becomes an ambiguity corresponding to the restriction to each brane of a 
unique flat space-time bundle. In physical terms this can be seen as follows. Let us consider 
two D-branes Y and Y' with line bundles [{ha/3, ^a}] and [{/i^^, ^q}], and two loops 7 on y 
and 7' on y , which are cohomologous on the space-time. Then there exists a world-sheet E 
and a map : E ^ X such that (9E corresponds via to 7 — 7'. This world-sheet is an open 

string loop, and the action for it is S" = h 27i{J^ (j)*B) + 27r(/^i 7M) + 27i{Jg^ l'*A'), thus 

the path- integral measure e*'^ contains the product IIol-^(A) ■ Holy (A'), which is therefore 
well-defined. This implies that, if we fix a gauge (even up to space-time fiat bundles) from 
Hol^(A), then }ioly{A') is completely determined for every 7' homologous to 7 in X, and 
this happens even if the loop 7 is not contractible in X. That's why the uncertainty regards 
one space-time fiat bundle, the same for each possible D-brane. 

In the non abelian case, we have seen that the result is the same, even if one would aspect 
a different result: the holonomy of any fiat vector bundle, even of rank n > 1, is always 
quantized, in the sense that it depends only on the homology class of the loop 7. Therefore, 
supposing for the moment to have only one stack of n D-branes with world- volume Y, it 
seems that the uncertainty should regard a flat space-time vector bundle of rank n, which 
is immaterial when restricted to Y. In fact, the path-integral measure e*'^ contains a term 
TrV exp{Jg^A), which is the trace of the holonomy, and the holonomy of a fiat bundle 
is vanishing for a contractible loop, as 9E in X. Instead, following the description via 
hypercohomology, we have seen that only a flat line bundle is gauge equivalent to zero, i.e. 
the vector bundle on Y must be of the form LI®", or equivalently L\y^ {Y x C"), for L a flat 
line bundle on X. Even a direct sum of n line bundles with connection Li\y © ■ ■ ■ © L„|y, 
not all equal, is not gauged to zero. What's the reason? 

A stack of n D-branes is the limit of n single different branes, which get closer one to 
each other, with a symmetry enhancement from f/(l)" to U{n). Let us consider the case 
n = 2: we start with two distinct D-branes Y and F', supposing for simplicity that the 
gauge line bundles are topologically trivial, with connections A and A' . We flx a cylinder E 
as the world-sheet, with two boundaries ^^^^E and ^^^^E. There are four kind of strings: the 
ones from y to y, in which case the measure is: 

e'^ = . . . Jem^ ^'^e^am^ = . . . g/as ^a. 
the ones from y to y', in which case the measure is: 

and so on. In this case, for what we have seen in the abelian case, thanks to the strings 
from y to Y' or vice versa, if we fix A we also fix A', therefore the ambiguity is for only one 
space-time fiat bundle. When Y' gets nearer and nearer to Y, becoming coincident, we get 
a stack of 2 D-branes, with trivial gauge bundle y x and connection: 

(20) 



A® A' 



A 
A' 
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Now we cannot distinguish any more within the four kinds of strings: in all the four cases 
both the boundaries of the cylinder S are mapped to Y . Therefore, one could argue in the 
following wrong way: 

Wrong argument. The whole boundary 5S, mapped to Y via 0, is ho mo logically trivial 
on X, being trivialized by S: this means that (9(1) E and (9(^)2 are cohomologous in X. Let us 
suppose that A and A' are both the restriction of a flat space-time connection, so that A® A' 
has the same property. In path-integral measure e*"^ = ■ ■ ■ TrPe'^ss"?^*(^®^')^ ^j^e holonomy 
oi A® A' on can be computed via the flat extension oi A® A' on the whole X, and, 
being 9S homologically trivial on X, the holonomy of a fiat connection is zero. Of course, 
the trace of zero is zero. □ 

There must be a mistake, since, when Y and Y' are very near but different, we can use the 
strings from Y to Y' to fix A' once we know A, while, when Y and Y' become coincident, 
this seems to become impossible. The problem is that, for a stack of D-branes Y with a 
gauge theory A, and a world-sheet S whose boundary has more than one component, i.e. 
dTi = S^i-'S, . . . , S^^^S, the right path-integral measure is not: 

e'^ = ■ . .Tr(Pe4(i)E<^*-^. . .pe^WE-^*-^) (21) 

but 

e'^ = ■■■ (Tr Ve^sw^^*^) . . . (Tr Pe^sWs (22) 

since, being Ve^a(')^^'-^ defined up to coniugation by elements of U{n), the expression (ET]) 
is not gauge- invariant. Actually, we can neither talk about the holonomy for a disconnected 
loop, since for each component it is defined up to coniuguation; moreover, since Tt{AB) ^ 
Tr(y4)Tr(i?) in general, we also have in general that Tr(74)Tr(yl~i) ^ n: therefore, even if 
S'^i^S and d^'^'^Ti are cohomologous in X, and, for A fiat as fl20l) . we choose the gauge so that 
Pe^(i's<^*-^ •Pe^(2)s'^*-4 = /^^ it does not mean that the product of the traces is n as for the 
trivial connection. In fact, for A given by (l20l) . the measure is: 

e^ai^)^'!'*^' _ 
= ... (e4(i)E<^*^ + e4(i)E<^*^') (etes-^*^ + e4(2)5:<^*^') 

which, expanding the product, provides four terms that, when Y and Y' were different, were 
the four possibilities for the strings. In this case, being d^^^T, and d^'^'^T, cohomologous, the 
result is: 

e*^ = 2 + e4(i)E'^*^+/s(2)E<^*^' + e4(i)E<^*^'+/s(2)E'^*^ 

so that, if we fix A, we can find A'. Here we considered the case ?7(1)^, but, for a generic 
f/(2) connection, the idea is the same. When there are n D-branes, in the case f/(l)" we 
can consider a world-sheet with 2 boundaries to fix one of the [/(l)-connections from the 
others, and so on up to a world-sheet with n boundaries. For a general U{n) gauge theory 
the idea is the same. This is a confirmations that the classification via hypercohomology of 
the allowed configurations is correct. 



Tr 





e4(i)E«^ 



"A' 



■ Tr 
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When this ambiguity can be completely fixed? It happens when there are no non-trivial 
flat bundle on the space-time, i.e. when H^{X, U{1)) = 0. But H^{X, U{1)) = if and only 
if ifi(X, Z) = 0. In fact, let us suppose that Z) = 0. From the universal coefficient 

theorem it follows that: 

Therefore, for = 2, if Hi {X, Z) = 0, in particular Tor Hi (X, Z) = 0, so that Tor H^ (X, Z) = 
0. Moreover, for n = 1, since Torifo(-^5^) = 0, it also follows that Z) = 0. Since 

H^{X,R) = H\X,Z) M, also H\X,R) = 0. From the exact sequence of groups -> 
Z — )■ R — 7- f/(l) — 7- there is an exact sequence in cohomology: 

> H\X,Z) — > H\X,R) ^ H\X,U{1)) — > H'^{X,Z) — > H^{X,R) — > ■■■ . 

Since i7^(X, R) = 0, by exactness Ker/3 = 0, and, since Torif^(X, Z) = 0, also the image 
of 13 is 0. Thus, H\X,U{1)) = 0. Vice versa, let us suppose that H\X,U{1)) = 0. 
Then /3 is injective, thus Torif^(X, Z) = 0, so that Torifi(X, Z) = 0. Moreover, the map 
H^{X, Z) — y H^{X, R) is surjective, which is possible only if H^{X, R) = 0. Therefore, even 
Hi{X, Z) / Tor Hi{X, Z) = 0. This implies that Hi{X, Z) = 0. Of course, even if Hi{X, Z) ^ 
0, there are no ambiguities for those world- volumes Y G X such that Hi{Y, Z) = 0, otherwise 
all the world-volumes have no problems. 



When only Hol(i?|y) = 0, equations flTIJl) are defined only on Y, therefore we have an am- 
biguity up to any fiat line bundle on Y, not necessarily the restriction of a one on X. That's 
because the gauge {1, 0, 0} has been chosen for the 5-field only on Y, without assuming that 
it can be extended to a gauge for the S-field on X. Hence, in this case, we have a larger 
residual gauge freedom, which is vanishing when Z) = 0. Thus we are in the same 

situation of the more general case Hol(i?|y) = W2{Y), without assuming that they are 0. 



4.3 Intrinsic description 

We can give a more intrinsic description of the classification above, at least in the case 
W2{Y) = 0. From the long exact sequence in cohomology (using the notations of subsection 

■ ■ ■ — > H'^{X, 5^2) H'^iY,SYi,J H'^iX, Sx^2^i*SY^i J H'^iX, 5^2) — > ' ' ' 
there is a well-defined map: 

: H'{X, 8^2, H\X, S'j,^2)- (23) 

This means that from an element of f|T71) (we are in the case W2{Y) = 0, but this is true in 
general), we can always isolate the 5-field gerbe on the space-time X. Moreover, there is an 
isomorphism: 

e ■■ Ker ^2 _^ ^i^Y, 5-,,,J/Im(^i) (24) 
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since the r.h.s. of (|24|) is isomorphic to Im(/3^). This means that when the i?-field is trivial, 
we can find a canonical gauge theory represented by the A-field, but up to the residual gauge 
freedom, which is the image of This explains the first case of the classification above for 
fiat S-field, i.e. B.ol{B) = 0. Actually the same happens when the -B-field is trivial only on 
Y, but up to any fiat line bundle on Y. This can be shown considering the map of complexes: 



■ **'S'y.i,n 



inducing the map of long exact sequences: 



H\Y,S-y,. 



Pi 



^H\Y, S'y^,) H\Y, S'y^.^J H\Y, S^^^. ^y,i,„) — ^ H\Y, Sy 

from which we get a map: 

f : Ker(^^ o p) H\Y, J/Im(^^) 



(25) 



i.e. we fix the gauge theory up to a fiat line bundle. This map describes intrinsically the 
second case of the classification above, i.e. Hol(-B|y) = W2{Y) = 0. 

The general case of fiat fi-field can be described in the following way. Let us consider the 
complex: 



'~'X,2Jl{Y) 



whose second cohomology group H'^{X, S'^ ^ fi(y)^^*'^Y,i,Ti) classifies the gerbes on X which 
are fiat on F, i.e. the i?-field configurations such that H\y = 0. We thus consider relative 
cohomology group: 

H {X, Sx,2Jl{y)^'^*^Y,l,n) 

which classifies the A-field and S- field configurations in the case of H\y = 0. We consider 
the following map of complexes: 



U{l)x ^x^M ^X,R ^*^h 



7 02 



7 03 



The first line is Sx 2 fi{Y) ~^ ^*'S'y,i,„! ci'id we call the second line z^S'y 2 //(y) (/(i) '''*SYin r/(i)- 
The diagram induces a map in cohomology: 



2,/i(Y),C/(l)> 



U{1))- 



(26) 
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Moreover, H'^iX, fi(Y) u{i)) ~ ^^0^^ ^Y2 fi{Y) u{i)) ~ 0' because any flat gerbe or line 
bundle can be realized via transition functions in f/(l), which are quotiented out. Hence 
from the long exact sequence we get an isomorphism: 

H^(Y, SY^2Jl{Y),U(l)y ^Y,l,n,U(l)) H^O^i ^Y,l,n,U{l)) (27) 

and H^{Y, Sy^^^^^^-^) exactly classifies non-integral vector bundles with connection, up to a 
fiat line bundle. Thus, composing ( 126|) and ( 127|) . we get a map: 

: n{X, Sx^2Jl(y)^'^*^Y,l,n) ^ H^O^, ^Y,l,n,U{l))- (^S) 

This explains the third and last case of the classification above, i.e. Hol(i?|y) fiat generic. 

If we do not assume that W2{Y) = the picture becomes more complicated, since we have 
a twist in the relative cohomology, so that the machinery of long exact sequences should be 
developed in a proper way. 

We can anyway summarize the complete classification, showing which cohomology group 
describes the A-field in the various cases of the classification. At the level of cochains, before 
quotienting out by coboundaries, we can define two functions, both starting from (fT7|) . The 
first one extracts the -B-field information from the joint representative of the configuration: 



B : Z\X,S'j,^2,^*S'y^i,n,My)) Z\X,S'j,^2) 

{da/S^, ^al3, ha/3, Ba, A^} > {ga/S-y, ^ap, B^] 

and the second is the analogous one for the A-field: 

A : Z'^{X, Sx^2i'''*'^Y,l,ni'^2{X)) > Z\ji^i){Y,Sy^-^^^ 
{da^-y, ha^, B^, Aa} > {/lo^, Aa} ■ 



(29) 



(30) 



The function f l29p projects to a function in cohomology, which generalize fl2^ without as- 
suming W2(Y) = 0: 



B : H\X,Sl2,^.S'y^i,n,My)) ^ H'iX,S'x^2) 

[{gal3"/, -^a/S, hal3, Ba, Aa}] > [{gaiSy, -^a/S, Ba}]- 



(31) 



For the A- field, instead, the class [{hap, Aa}] depends on the gauge choice for the 5- field. 
Thus, in general, we get only the class up to the tensor product by a twisted line bundle 
with connection, i.e. we only get a map: 

A : H\X,S'x^2,^*S'y^i,n,MY)) H\YMn)/mi) ^ ^Hn)/^i) ^^^^ 

[{gaPy, ^al3,hal3, Ba, Aa}] > [{ [/Iq/?] , [A^] }] . 



which, when W2{Y) = [H]\y so that we can choose Va/Sygapy — 1; actually be refined to 
a map: 

Ao : H\X,S'x^2,^*S-y^i,n,My), [H]\y = W2{Y)) 

^ H\Y,U{n) ^ nl^„,))/H\Y,Ua) ^ ^r) (33) 

[{gap-y, -^aP, hap, Ba, Aa}] > [[{ha/B , Aa}]]- 
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In the case of flat i?-field on the D-brane, choosing the gauge (-,0,0) we get a map tak- 
ing value in the set of non-integral vector bundles, which can be described at the level of 
cohomology as: 

Af : H'iX,Sl,,t,S'y^,^,,,w,iY), [H]\y = 0) H\Y, Uin) / U (1) ^ r^^n) ^^^^ 

[{ga(Sj,0,ha(3,0,Aa}] > [{[hal3], Aa}] 

generalizing (128|) without assuming W2{Y) = 0. When Holi? = W2{Y), we get an ordinary 
vector bundle with connection up to the torsion part, i.e.: 

AjB : H'iX,S'j,^„i,S'y^,^^,W2iY),Ro\B = w^iY)) 

^ H\Y,U{n) nl^^^)/H\Y,U{l)) (35) 

[{gal3'y,0,ha/S,0,Aa}] > [[{haf3,Aa}]] 

generalizing ( 125|) without assuming ^2(1^) = 0. Finally, for Hol-B = W2{Y) = 0, we get a 
map with value in the set of ordinary vector bundles with connection, up to the residual 
gauge freedom, which is exactly (12^ : 

AfBo ■■ H\X,S'j,^„z,S-y^,^^,Ro\B\y = 0) 

H\Y,Uin) ^ nl^^))/eH\X,Uil)) (36) 

[{gal3^,0,hal3,0,Aa}] > [[{/l„;3, 

where the quotient by i*H^{X, U{1)) is the residual gauge freedom, which vanishes if Hi{X, Z) = 
or Hi{Y,Z) = 0. 



5 Chern classes and Chern characters 

We now discuss Chern classes and Chern characters of twisted vector bundles. We consider 
the case of non integral vector bundles with connection (def. 13.41) . since in this case the 
discussion is a direct generalization of the ordinary case. Actually, this is all we need for the 
gauge theory on a D-brane or stack of D-branes. 

We have discussed in [3], section 6, the first Chern class for a non integral line bundle, 
which we briefly recall. If S^igais} = {Cai3'y}, with gai3{x) G U{1) and Ca/37 locally constant, we 
compute the first Chern class Ci[{(?q,^}] G if^(X, R) in the following way. Supposing to work 
with a good cover, we extract the local logarithms so that gap = e^'"*''"''. Then pa/3 + pp-y + 
P-ya = with = e^'^*^""^, so that also ^ai3'y is locally constant. We define Ci[{(y'Q,/3}] := 
[{^a/37}] £ H^{X,M). If (ajS-y = 1, i-e. if we are considering an ordinary line bundle, then 
.^a/37 G Z, so that we can define a first Chern class in H'^{X, Z). The real Chern class can also 
be defined via the curvature, as usual in differential geometry: we put a connection, obtaining 
a class [{gap, Aa}] such that S^igap} = {Ca/37} and Ap-Aa = ^ig'^dgap- The curvature F, 
i.e. the 2-form such that F\if^ = dAa, satisfies [F]iiR = Ci[{gai3}] with respect to the standard 
isomorphism between de-Rham cohomology and cohomology with real coefficients. When 
Ca/37 = 1 the curvature F represents an integral cohomology class, otherwise in general this 
is not true. 
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For vector bundles of higher rank, the Chern classes are usually defined via the curvature 
|10] . Let us consider an ordinary vector bundle with connection [{gai3, ^«}] of rank n. Then 
the curvature Fa = dA^ + /\ has transition functions = g~^Faga/3- Therefore, 
one can define the Chern classes via the symmetric polynomials Pi, which are invariant by 
coniugation, as: 

c,[{gap,Aa}] = [P^ii^F)] 

and the Chern character as: 

ch[{^„^,AJ] = [Trexp(^F)]. 

The Chern classes are integral, while the Chern characters are in general rational. We remark 
that, for ordinary vector bundles, we have computed only the real image of the Chern classes; 
they can also be defined as integral cohomology classes, as in [13]. 

For a twisted line bundle with connection we can give the same definition, when the 
twisting cocycle is made by locally constant transition functions. In particular, we consider 
[{gap, Aa}] of rank n such that gapgp'^g-ya = Cap-yln with CajS'^ locally constant and Ap — 
9ap^a9aP ~ ^i9afi^9ai3 ■ Then we define the curvature Fa = dAa + Aa A Aa, which has 
transition functions = ga^Fagai3 because the twisting cocycle is constant, otherwise we 
should consider other terms involving the differentials of the twisting cocycle. Thus, as 
before, we can define the Chern classes via the symmetric polynomials Pi, which are invariant 
by coniugation, as: 

c,[{gap,Aa}] = [P^ii^F)] (37) 

and the Chern character as: 

ch[{gaf,,Aa}] = [expTT{lF)]. (38) 

Both Chern classes and Chern character turns out to be well-defined and independent on the 
connection chosen, so that they are a topological invariant of the twisted vector bundle. In 
this cases the Chern classes are not integral any more in general, and the Chern character are 
not rational any more. The Chern classes are generic real classes, and the Chern characters 
live in a lattice which is different from the image under ch of ordinary vector bundles. 
Actually the quantization of Chern classes and Chern characters depends on the class of the 
twisting cocycle in the constant sheaf ^7(1)0 

Remark: Since the real first Chern class of a fiat line bundle is zero (actually all the real 
Chern classes of a fiat bundle of any rank), the Chern classes are defined up to the tensor 
product by a fiat twisted line bundle. This implies that, in the classification of the gauge 
theories on a stack of D-branes that we discussed before, when the B -field is flat on the 
world-volume, i.e. when the H-flux vanishes as a differential form on the world-volume, the 
real Chern classes and the Chern characters are always well-defined, since we have shown 
that, even when we do not have a canonical gauge theory, the ambiguity is due to fiat twisted 
line bundles. 

^When the twisting cocycle is not constant, one can anyway give a good definition of Cliern classes [T^ . 
but we do not need this definition here. 
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6 Wilson loop 



We now describe the geometrical nature of the Wilson loop of the gauge theory on a D-brane 
or a stack of D-branes, for each case of the classification previously discussed. 

6.1 Ordinary vector bundles 

We start with a brief review of the Wilson loop of vector bundles of any rank. For a line 
bundle L — )■ X with hermitian metric, the holonomy of a compatible connection is a function 
on the loop space Holy : LX — )■ U{1). Let us now consider a vector bundle E ^ X oi rank 
n with connection. From a cover il of X we can construct a cover on the loop space LX 
defined in the following way: 

• let us fix a triangulation r of S^, i.e. a set of vertices cr°, . . . , G and of edges 
a\,...,a] C such that da] = a'^^^ — cr° for 1 < i < Z and da] = a\ — af; 

• we consider the following set of indices: 

J _ {, N • T = {a\, . . . , crfl^-); aj, . . . , a^^-,} is a triangulation of 
\ ' ' • (y9 : {1, . . . , /(r)} — > / is a function 

where / is the set indices of the cover il; 

• we obtain the cover 2J = {V(^r,cT)}{T,a)&j of LX by: 

V(.,^) = {ieLX: 7(ai) C f/^(i)}. 

The holonomy of the connection on E is defined by: 



n „ 

Holv(7) = n^^^p(2^'" 

i=l •^''l 



9^({),^(i+i){(^i) (39) 



where: 

/K)/5i 



Pexp(^27rz ■ / 7*v4^(j) j = hm J]^ exp(27ri ■ A^(,i){'^{k5t)) ■ 6t). 



(40) 

k=0 

The expression fl39|l is not gauge-invariant, since if we change the open cover, in particular 
we use if' which differs from ip only on the index i, then the gauge transformation of fj40l) . 
which we denote for brevity ^(^,^(4), 7), is: 

V{A^'^i),-f) = VW,<pW(^^i) ■ ^(^^W.7) ■ gAi),^'(i){(^i) (41) 

so that: 

• ifz > 2, thenin([3n]), withthechart(/9wehave5f<^(i_i),<^(i)(a°_J-P(A^(i),7)-5f<^(i),^(i+i^ 
while, with the chart ip', thanks to (HTi) : 

= 9v{i-i),v'{i)icr'^-i) ■ 9ip'ii),^{i)icr'^-i) ■ 'P(v4<^(i),7) " 9v{i),'p'{i)icri) ■ 
= g^(i-i)Mi)(^i-i) ■ 'Pi^vii)^!) ■ gip(i),ip(i+i)i^i) 
so that the result does not change; 
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• if i = 1, instead, if we pass from to thanks to fj4Tl) we get a term 5'i^'(i),<^(i)(cro) 
at the beginning of fl5^ and the last term becomes g^{n),ip'{i){o'i) = 5'<^(n),(p(i)(o"i') ■ 
9ip{i),v'{i)icro), so that we get conjugated by 5'ip(i),<^'(i)(o'o)- 

Therefore the generic gauge transformation for a change of chart ^ ip' is: 

Holy (7) > ^v(l),^'(l)(f^o)"^ ■ Holy (7) ■ ^^(l),<p'(l)(f7o)- (42) 

This imphes that the holonomy is not gauge invariant, but if we compose it with a symmetric 
function, we obtain a gauge invariant result. If such a symmetric function is the trace, we 
obtain the Wilson loop. 

Since the holonomy is not gauge-invariant, it must be a section of a suitable bundle. Given 
a vector bundle E, which can construct the bundle of automorphisms Aut E, defined in the 
following way: we consider the vector bundle B.om{E,E), whose fiber in a point x is the 
vector space of linear maps from E^ to itself, and the bundle Aut E is defined taking, for 
every x G X, the subset of invertible linear maps. When the bundle has a metric, we can 
consider only the isometrics. In this way, we obtain a bundle of groups (not a principal 
bundle!), whose fiber in a point x is the set of isometrics from E^ to itself. If we choose a 
good cover il = {Ua}aei of X and local trivializations of E, i.e. local sections : ?7q, — )■ E\i/^, 
for i = 1, . . . , n, we obtain a local trivialization of Aut E, since we represent an isometry of 
Ex, for X G Ua, as a unitary matrix with respect to the basis ^^(x). The change of charts is 
a conjugation, since it corresponds to a change of basis for an automorphism. Therefore, the 
bundle Aut-E has typical fiber U{n) and structure group U{n)/U{l) acting by coniugation. 
The quotient by U (1) is due to the fact that, since U (1) is the center of U{n), it acts trivially 
by coniugation. 

The holonomy of a connection on a loop 7 is an automorphism of -£^7(1), therefore an 
element of (Aut £^)^(i). It follows that, if we consider the natural map p : LX — )■ X defined 
by pi'j) = 7(1); the holonomy of a connection on E is a global section of p*{AntE). This 
is the global geometrical nature of the holonomy. Since the transition functions act by 
coniugation, for every symmetric polynomial (jj there is a well defined map: 

ffi : p*{AntE) — > {LX x C). 

Therefore, since Holy is a section of p*{AutE), it follows that cTj o Holy : LX — )■ C is a 
well-defined function. If we consider ai = Tr, the function we obtain is the Wilson loop. If 
we consider cr^ = det, the function we obtain is the holonomy of the line bundle det E with 
the corresponding connection det V. In fact, if [{/ia/3, A^}] is a rank n vector bundle with 
connection, the connection on the determinant is represented by [{det /i^/s, Tr Aq,}], sinc^: 

n n 

Vx(4 A . . . A s^) = ^ 4 A . . . A Vx< A ... A = ^ 4 A ... A {A^))si A ... A 

n 

= (A,)^ ^4 A ... A s*^ A ... A = Tr A, ■ ^ A . . . A 

1=1 

*We recall that Vx(ckA/3) — /?, as one can prove from the fact that aA(3 = i(a(8)/3— /3(8)a) 

and the Leibnitz rule on the tensor product. There is not anticommutativity, contrary to the formula 
involving the exterior derivative. 
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and, if we compute the determinant of fl39l) . we obtain exactly the holonomy of [{det ha/3, Tr Aa}] 
(the path-ordering operator becomes immaterial since the det e"^"*"^ = e"'"^^'^"'"'^^ = e^^e^'^^ = 
det(e^e^)). 



6.2 Twisted vector bundles 

We can now generahze the previous picture to twisted vector bundles (cfr. P] and pP). Let 
us consider a twisted vector bundle with connection [{(yfQ,/?, A^}], with twisting hypercocycle 
{C«/37, i?Q,}. We still defined the holonomy as fl39l) . If we change the open cover, in 
particular we use cp' which differs from ip only on the index i, then the gauge transformation 
of is: 



P(A^,(i),7) = • ■ 9^{i),v'{M) ■ exp(27rz / 7*A^(i)^,(i) ) . (43) 



Moreover, with respect to the ordinary case, when we use the cocycle condition we have to 
put the twisting cocycle. Thus: 

• if i > 2, changing from the chart ip to ip' the result changes by: 

C¥J(j-l),<^.'{i),¥'{j)C<^(i),¥''W.¥'(*+l) ^^Pl^TT^ / (44) 



• if i = 1, instead, if we pass from ip to ip', we get both the coniugation by 5',^(i),y,'(i)(o"Q), 
as in the ordinary case, and the term (H4|) . 

Therefore the generic gauge transformation for a change of chart ip ip' is: 

lir) 

'I * * 



Holv(7) — > 9v{i),v'{i){(^o) ^•Holv(7) ■ ^^(i),v'(i)(o^o) " expfj]] / 7*A 

1{t) 

■ n c^»,^'»,v'(i+i)(7((^!'+i)) Qi),^(i+i),^'(»+i)(7(f^»°+i))- 



2=1 



The term involving the twisting hypercocycle is exactly the transition function of the line 
bundle on the loop space, determined by the twisting gerbe as explained in [5] section 6.5 
(or in the original paper [7]). 



Let us show what happens geometrically. For a twisted bundle ga/sg/s-yg-ya = Ca/s-yln, we can 
still define the bundle Aut E, in analogy with the ordinary case, but via a local trivialization. 
We consider the cover il = {Ua}ai^i of X with respect to which the ga/s are defined, and we 
consider the bundle with local trivializations Ua x U{n) and transition functions gai3 acting 
by coniugation. Since the action of U{1) by coniugation is trivial, the transition functions 
of the bundle Aut E satisfy the cocycle condition even if E is twisted. Therefore, a generic 
bundle of groups with fiber U{n) and structure group U{n)/U{l) acting by coniugation, is 
not necessarily the bundle of automorphisms of an ordinary vector bundle, but it can be also 
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the one of a twisted bundle. Actually, this is always the case: in fact, we can consider a set 
of transition functions [gap] ^ U{n)/U{l) of the given bundle, and choose a representative 
Qap for each double intersection. Then E = {ga/s} is a twisted bundle whose bundle of 
automorphisms is the given one. We remark that E is defined up to twisted line bundles, 
and this is correct since, as in the ordinary case, the bundle of automorphisms of a line bundle 
is trivial: for an ordinary line bundle, this can be seen from the fact that the automorphisms 
of a complex vector space of dimension 1 are canonically C; in general, even for twisted ones, 
it is enough to notice that the transition functions lye in f/(l)/[/(l), i.e. they are trivial. In 
particular, the bundle of automorphisms allow to recover the twisting class [{Ca/Si}]- 

Let us now discuss the geometrical nature of the holonomy. We see from fHSjl that, even 
if Aut E is well-defined also for twisted bundle, the holonomy of a connection is not a section 
of p*{AntE), but there are also the transition functions of the bundle C — t- LX determined 
by the twisting hypercocycle. Therefore, the holonomy is a global section of the bundle: 

p*{AutE) (g)u(i) C 

where U{1) acts on p*{AvLtE) not by coniugation, otherwise it should be trivial, but by 
multiplication (left or right is the same since it is the center). Since the transition functions 
of Aut E act by coniugation, for every symmetric polynomial cTj there is a well defined map: 

ai-. p* (Ant E) ^u{i) C 

Therefore, since Holy is a section of p*{AntE) ^u{i) l^i it follows that oi o Holy is a section 
of If we consider o\ = Tr, the function we obtain is the Wilson loop, which is therefore 
a section of C, but it does not necessarily trivialize it, since it can vanish in some points. 
If we consider (T„ = det, the function we obtain is the holonomy of the twisted line bundle 
[{det gafi,TTAa}]. 

6.3 ^-field Wilson loop 

We can now explain, for every possible nature of the gauge theory on a single D-brane or a 
stack of D-branes, the geometrical nature of the holonomy, i.e. the exponential of the Wilson 
loop. We consider a D-brane world-volume Y G X and the classification of the possible 
gauge theories in subsection 14. 2[ When the if-flux is generic, the holonomy is a section of 
the bundle on the loop space of Y determined by the twisting gerbe on Y; in the abelian 
case the bundle is trivial and the section is parallel, but the transition functions depends on 
the gauge choice, therefore the section cannot be defined as a number even locally. In the 
non-abelian case in general the section is not parallel and somewhere zero. When H\y = 0, 
the transition functions are constant, for the gerbe and therefore also for the line bundle 
over the loop space: this means that, if we fix a loop 7, the value of the holonomy on 7 is 
arbitrary, but, if we consider a neighborhood of 7 in LX, the variation of the holonomy within 
the neighborhood, in particular the derivatives in every direction, are well-defined. When, 
RoliBlr) = W2{Y),if6'{hap,Aa} = 0, ^Tr F}, then 6'{hapX-'^, A^} = {1,0, ^TrF}, 

thus we obtain a bundle which is well-defined up to torsion bundle, since we can multiply the 
transition functions by any constant cocycle. In this case, the holonomy is well-defined up 
to the holonomy of a flat bundles, i.e. up to a locally constant function on LX. Therefore, 
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the variations are well-defined not only on a neighborhood, but on the whole connected 
component. If we consider that case S^{ha/3, Aa} — {5^Xa0: 0, ^Tr F} instead of a bundle, the 
holonomy is a section of a line bundle with transition functions depending on 5^Aq,^, but each 
trivialization A^^ determines a trivialization of the line bundle, and all these trivializations 
differ by the holonomy of a torsion bundle, thus up to a locally constant function. Therefore, 
choosing any trivialization we define the holonomy up to a locally constant function. Finally, 
for a true line bundle, the holonomy is well-defined as a function. Summarizing: 

• H\y ^ 0: the holonomy is a parallel global section of the line bundle C LY deter- 
mined by {^?a/37^a/37> 'Kp, ^TrF«}. 

• H\y = 0: in this case there are the preferred representatives {gai3'y, 0, 0} with [{50^7}] = 
Hol(i?|y) in the constant sheaf U{1). There are the following possibilities: 

- Hol(S|y) ^ W2{Y): then = {r]af^^g;^^^,0, ^Tr Fa}: the holonomy 
is a section of the line bundle determined by {r]ai3-yg~^^,0, -^Tr Fa}, which has 
constant transition functions. This means that the holonomy is locally defined 
up to constant functions, i.e. its variations near a fixed point are well-defined. 

- Hol(B|y) = W2{Y) 7^ 0: then S^{hai3, Aa} = {S^Xai3, 0, ^Tr Fq,} with constant, 
so that the holonomy is well-defined up to a locally constant function; 

- Hol(5|y) = W2{Y) = 0: then 6^{hai3, A^} = {1, 0, ^Tr F„}, so that the holonomy 
is a well-defined number for each loop. 

7 Conclusions 

We have classified the allowed configurations of i?-field and A-ficld in type II superstring 
backgrounds with a fixed set of stacks of D-branes, which arc free of Freed- Wittcn anomaly. 
For a single stack of D-branes F C X, we distinguish the following fundamental cases, similar 
to the case of a single D-brane: 

• B geometrically trivial, W2{Y) = 0: we fix the preferred gauge (1,0,0), so that we 
obtain a canonical C/(n)-gauge theory, up to the residual gauge freedom, the latter 
depending on the topology of the space-time manifold; in particular, the residual gauge 
freedom vanishes if Hi{X, Z) = 0; 

• B flat: we fix the preferred gauge (^f, 0, 0) so that we obtain a non- integral vector 
bundle, i.e. a twisted vector bundle with connection, whose twist cocycle is locally 
constant; if Hol(i?|y) = W2{Y) we recover an ordinary gauge theory, but in general up 
to the torsion part; if IIol(i?|y) = tV2{Y) = we end up with the previous case so that 
we recover the torsion part up to the residual gauge; 

• B generic: we do not obtain a canonical vector bundle, twisted or not, because of the 
large gauge transformations B ^ B -\- and TrF TrF — $ for $ integral. 

The main difference with respect to the abelian case is that the A-field, instead of acting as 
a gauge transformation, acts as a tensor product by a fiat, but in general non-trivial, gerbe. 
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Therefore the Freed- Witten anomaly vanishes on every world-volume such that the H-Hux, 
restricted to it, is an exact form, even if, in some cases, there are constraints on the rank of 
the gauge theory. 

So far we have considered the case of one stack of coincident branes. If we have more 
than one stack of branes, the same considerations of [3J apply: we think of Y as the discon- 
nected union of all the world-volumes, and the residual gauge freedom becomes an ambiguity 
corresponding to the restriction to each brane of a unique flat space-time line bundle. 
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